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1. We consider the system of linear differential equations with constant
coefficients

dz,
=r = Pa®t ot Pan®n =1..., n D

Suppose that the quadratic form
n
V= Z a, %,
1

with constant coefficients has a derivative which, with the aid of (1.1),
can be written as

n

av

o = 2k
1

The connection between the introduced coefficients has the following
matrix form:

AP+ (AP),=B  (A=lal B=]b) P=]pl (t-2)
Here ¢ indicates the adjoint (transposed matrix).

Let us take the system (1.1) in the particular form to which many
systems of equations in mechanics can be reduced

dx dx
25—1 28
i Tas —at = Tt + %y

The characteristic equation of the system (1.3) has the form

=10 eees by 0y =,0) 1.3)

@ T* 2 T, =0 (1.4)

Let us set ourselves the problem of finding for the system (1.3)
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integrals (solutions) of the type
V= 2 a; xtx’

From (1.2) one obtains the equation for the determination of 4

We have AP + (AP), =0 (1.5)
Tiays + Toa1ea +ooet Tkamk an Gz . . . Qop g
AP — Tiass + Toagy +...+ Tka22k Q21 Qg .+ o« - Bgop g (1.6)
Tlazkz + Tatypy+.. ’+ Tk“zkzh Qoky kg * - - Yokok—1 |

The determination of the matrix A is most easily accomplished by the
direct use of the table (1.6). Taking into consideration (1,5), we obtain

0 an 0 —ag9 0 ag . . .
T1a22——T2a33+...+(—’I)k+1Tkak+1' k41 0 asp 0 —agg .+ < .+ . .
AP = 0 y —{gg 0 g3 s « o o 4 v
—Tiags + Toasa—otH(—10) 20, o s 0 —ags o . v o0 o oL
0 Qg3 o 0 s s s s 4 s e . e
(—1)+Tak+1 kppFee (= 1) gy ok o v v v e e
1.7
Introducing the notation a. = (- l)fajj, one can express the equations
for the determination of these remaining unknowns in the form
= cox k) 1.8)

a’—T1a5+1—-T2aJ-+2—...—Tkaj+k=0 UG=1.

By means of these equations the unknowns @), «.., a can always be ex-
pressed in terms of the remaining Qp 10 oo A9 which remain arbitrary.
The matrix A will take on the following form:

—a; O — ay 0 e o—a 0 |
0 a 0 a3 ... O L
—ay O —ag 0 L TP 0
A= 0 as 0 ag +.. 0 Gty 1.9)
=4, 0 —ay, 0 .. .—ay ,0
0 Qpyy 0 Qo+« 0 Qo b

It breaks up into two Hankel matrices which are easily constructed
from the rows and columns of A
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@y Qg . s e ak 79 ag “ a0 ak+1

ag Gy « s s ag a e e
Ay = — * Ykl , Ay = 4 k42

. o . - s -« » L . . - - ) - a . - .

O Opg1 * + o ok Tep1 Yte v Gok

This corresponds to the breaking up of the integral V into two inde-
pendent forms with even and odd subscripts on the variables

28wy
V=Vi+V, Vi=— D oy, 615%; {i,j— odd ) (1.10)
1
ok
Va= Dla, o102 (i, i — even) (1.11)
2

Let us now return to the solution of Equations (1.8)., For these equa-
tions one can obtain a fundamental system of solutions after one has
assigned k systems of values to Bpy 10 Gy gr <ovr Ggp arranged in a
matrix of the following tyep, for example

&) ®
a, .. .a,
+ 2 10...0
2
A= G oo ey 10 4...0
R N

In accordance with this we obtain k linearly independent quadratic
integrals V(l), oo V(k): every other integral will be a linear combi-
nation of these integrals of the form

V=NV g, v® (A; = const) (1.13)

The absence of nonlinear relations among the integrals V(j) follows
from the fact that a certain Jacobean does not vanish, i.e., that, for
example

F} (V(ll S 40

. . 1
m:}A'{#O 1f x3=...=$2k_2=0, x2k=’§'

2. It can be easily seen that Equation (1.8) can be satisfied by
setting

a;= pmzk"j G=1,... 2k) (2.1)

where p_ is the square (u = Ki) of an arbitrary root «_ of the character-
istic equation (1.4). In case of the absence of multiple roots x_, we
will have a fundamental system of solutions of Equation (1.8) if we
select the matrix A" as
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1 H1 :.-P-]_i

T T 2.2)
B Wy P U |

Let us make the change of variables
8 = Typpsyrr Ng = Fop—os+a (s=1, ...,k (2.3)

Then Formulas (1.10) and (1.11) take on the following form in terms

of the new variables:
k k

Vi=— 2 azk—i—j—f—lgi&j' Vy= 2 Bok—i—jpo i (2.4)
1 1
In the case under consideration, when one selects the values (1,14)

for the o one obtains

k
V™ = — S e = (B b gy e g I
1
1

. (2.5)

Vo™ = D H 2 = (0 gy b )
1
One more linear substitution

um=51+ﬂm52+--.+ P'mk—lgk, Um=’r}1+p,m'n2+... + B N
(m=1,...,k) (2.6)

which is nonsingular for simple roots Koy leads to differential equations
for the functions Uy v, which have the Hamiltonian structure

k—1

B _ 0K Bm_ K o
where dt kavm :t du,,
2K = — it + Doy = 2 V™ (2.8)
1 1

We note that if the individual integrals yi=) for real variables fi,
7; are complex numbers, then (for real T, which «ill always be assumed
to be the case in the sequel) the integral K will take on only real
values for arbitrary p .

We shall give a more explicit form to this integral. Introducing the
usual notation in the Newton sums

k
85 = Z p‘in' so=k (2.9)
we obtain m=1

k k
2K =— ) 515 qEE5 + D) sipg—anin; (2.10)
1 1
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The integral K is closely related to the problems on the stability of
motion [1,2 1. If the equations of the first approximation of the per-
turbed motion have the form of the system (1.3), then one can easily see
that it is necessary and sufficient, in order to have stability of the
first approximation, that the integral K be positive-definite ( > 9).
Indeed, since the elementary divisors of the system (1.3) are always re-
latively prime, stability implies the pure imaginary nature and simpli-
city of the roots of the characteristic equation (1.4), and, hence, in
view of (2.8), the positiveness of K. The converse of this statement
follows directly from the generally known theorem of Liapunov on the
stability of motion,

As could be expected, Equations (1.8) for the determination of a. in
the construction of the integral K lead to some of the algebraic formulas
of Newton

k
B kA, .., 2—1
s;= ) Ts; (
r=1

T = Sp = k

which must be augmented with the remaining equations

i
=14,2, ..., k—1
s, = T s. (’ e ' >
’ ;él T 0=l

The conditions for the positive-definiteness of K are equivalent to
known algebraic conditions [3.4 ] on the simplicity and pure imaginary
nature of the roots of Equation (1.4).
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